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ABSTRACT: The thermal conductivity of ideal short-period
superlattices is computed using harmonic and anharmonic force
constants derived from density-functional perturbation theory
and by solving the Boltzmann transport equation in the singlemode relaxation time approximation, using silicongermanium
as a paradigmatic case. We show that in the limit of small superlattice period the computed thermal conductivity of the superlattice can exceed that of both the constituent materials. This is
found to be due to a dramatic reduction in the scattering of acoustic
phonons by optical phonons, leading to very long phonon lifetimes. By variation of the mass mismatch between the constituent
materials in the superlattice, it is found that this enhancement in
thermal conductivity can be engineered, providing avenues to achieve high thermal conductivities in nanostructured materials.
KEYWORDS: High thermal conductivity, silicongermanium superlattices, anharmonic phonon scattering, long phonon lifetimes
he ever increasing heat ﬂuxes of electronic applications are
making thermal management a fundamental challenge in
circuit engineering.1 High thermal conductivity can improve
performance in optoelectronics and nanoelectronics by reducing
device temperatures, but while low thermal conductivity in solids
can be achieved relatively easily by introducing disorder2—
thereby increasing phonon scattering—designing materials with
high thermal conductivity is more challenging. Attempts to achieve
high thermal conductivity in solids have recently involved dispersing
another material with higher thermal conductivity (such as carbon
nanotubes), creating a composite; however, such an approach suﬀers
from interfacial thermal resistance that limits the enhancement that
can be achieved.3 In this Letter we demonstrate how a periodic
arrangement of atoms of two diﬀerent materials in the form of a
superlattice can yield thermal conductivities higher than the ones of
the constituent materials. While this suggestion has been reported
through the use of empirical interatomic potentials,4,5 here we
accurately establish for the ﬁrst time the extent of the phenomenon
through a fully ﬁrst-principles analysis. Furthermore, we discuss the
central role of mass-mismatch between the two constituent materials
in engineering and enhancing thermal conductivity, of relevance for
naturally occurring or experimentally grown layered materials.
Heat in semiconducting materials is conducted mostly by lattice
vibrations, and a proper description requires accurate knowledge
of both harmonic and anharmonic force constants. Broido et al.6
estimated these for Si28 and Ge70 from ﬁrst-principles through
density-functional perturbation theory (DFPT),79 to compute
thermal conductivities with excellent agreement between calculated and measured results. Garg et al.10 used DFPT to compute
the thermal conductivity of disordered silicongermanium alloys,
also obtaining excellent agreement with experiments.
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Here we use ﬁrst-principles techniques to compute the thermal
conductivity of Si0.5Ge0.5 superlattices with a growth direction along
[001] and with a period of 2N atomic layers (N layers of Si and Ge),
denoted here by SiGe[001]N+N. We obtain the second-order and
third-order interatomic force constants from DFPT using the virtual
crystal approximation,11,12 where the atomic potential at each site is
an average of Si and Ge potentials. We later validate this approximation for a SiGe[001]1+1 superlattice by comparing its computed
thermal conductivity using the virtual crystal with that obtained
using Si and Ge pseudopotentials. Disorder at the interfaces is
ignored, and we discuss the consequences of this later. A superlattice
of period 2N is simulated by allocating masses, either of Si or Ge, to
the atoms in the relevant unit cell. Finally, we adopt the single-mode
relaxation time (SMRT) approximation13 as an approximate solution of the Boltzmann transport equation;14 the thermal conductivity
kα (along direction α) is then given by
kα ¼

p2
NΩkB T 2

∑λ c2αλ ω2λ n̅ λ ðn̅ λ þ 1Þτλ

ð1Þ

where c, ω, n, and τ are the phonons group velocities, frequencies,
equilibrium populations, and relaxation times, λ represents the
vibrational mode (q,j) (q is the wave vector and j the phonon
branch), and T, Ω, and N are the temperature, cell volume, and size
of q-point mesh used. The relaxation time τλ of a phonon mode λ is
computed based on the three-phonon anharmonic scattering processes, which can be classiﬁed into two categories: (a) “decay
processes” where the phonon mode qj decays into two lower energy
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Figure 1. Variation of the computed in-plane and cross-plane thermal
conductivity of SiGe[001]N+N superlattices with superlattice period 2N.

Figure 3. Comparison between the computed thermal conductivity of
Si28, Ge70, “average material”, and SiGe[001]1+1. The superlattice thermal
conductivity exceeds even that of isotopically pure Si or Ge at 300 K
and above.

We show in Figure 1 the computed thermal conductivity along
both the in-plane and cross-plane direction; this is found to
decrease with an increase in superlattice period and then reach a
constant value. A minimum in superlattice thermal conductivity,
followed by an increase plateauing for large periods, has also been
reported and discussed in detail,1921 but our focus here is in the
large increase in thermal conductivity in the short period limit.
To understand the decrease in thermal conductivity with increase in superlattice period, we look at
ÆγðωÞæ 
Figure 2. Dependence on superlattice period of phonon (a) group
velocities and (b) anharmonic relaxation times.

phonon modes q0 j0 and q00 j00 , and (b) “coalescence processes”
where it absorbs another mode q0 j0 and yields a higher energy
mode q00 j00 . The net scattering rate 1/τλ in the SMRT approximation is given by7,15

∑

1
¼π
jV3 ðj,  q; j0 , q0 ; j00 , q00 Þj2 ½ð1 þ n̅ j0 q0 þ n̅ j00 q00 Þ
τλ
0
0
00
q ,j ,j
 δðωj0 q0 þ ωj00 q00  ωj, q Þ
þ 2ðn̅ j0 q0  n̅ j00 q00 Þδðωj00 q00  ωj0 q0  ωj, q Þ
0

0

00

00

ð2Þ

where V3(j, q;j , q ; j , q ) are the three-phonon coupling matrix
elements.15 The momentum conservation for the two processes is
q = q0 + q00 and q + q0 = q00 , respectively. The energy conservation
for the two processes is represented by the ﬁrst and the second δ
functions, respectively, in eq 2.
The harmonic and anharmonic force constants are obtained
on a 10  10  10 and 3  3  3 supercell, respectively. For all
density-functional perturbation theory calculations a 8  8  8
MonkhorstPack16 mesh is used to sample electronic states in
the Brillouin zone and an energy cutoﬀ of 20 Ry is used for the
plane-wave expansion. We carefully tested convergence of all
measured quantities with respect to these parameters. Firstprinciples calculations within density-functional theory are
carried out using the PWscf and PHonon codes of the QuantumESPRESSO distribution17 with norm-conserving pseudopotentials based on the approach of von Barth and Car.18

1
ΩN

∑λ δðω  ωλ Þγλ

ð3Þ

to deﬁne average squared cross-plane group velocity Æc2z æ (γ  c2z )
and average relaxation times Æτæ(γ  τ),22 and compare superlattices with diﬀerent periods in terms of these quantities
(Figure 2). For superlattices of period 4 (N = 2) and higher,
the decrease in thermal conductivity is found to be mainly due to
a decrease in phonon group velocities (Figure 2a) while the
phonon relaxation times do not vary much (Figure 2b). This is in
good agreement with the results of Hyldgaard and Mahan23 and
Tamura, Tanaka, and Maris22 who assumed the relaxation time,
τλ, to remain constant and similarly predicted the decrease in
normalized thermal conductivity (~k = k/τ) based on a decrease in
phonon group velocity. We ﬁnd however that as the superlattice
period is decreased from four to two atomic layers, the thermal
conductivity increases dramatically; this sharp increase is not
only due to an increase in phonon group velocity but also due to a
dramatic increase in phonon relaxation times (i.e., decrease in
their scattering rates)(Figure 2), whereby the constant relaxation
time approximation used in previous works22,23 would only
predict a modest increase in thermal conductivity.
What leads to a dramatic decrease in phonon scattering as the
period is reduced to two atomic layers?
Before proceeding, we note the accuracy of ﬁrst-principles
calculations in predicting thermal transport (e.g., the thermal
conductivity for Si28 and Ge70 computed at 300 K using the Si
and Ge pseudopotentials, respectively, shown in Figure 3, are
within 1015% of experiments,24,25 and even this small discrepancy is mostly due to the use of the single-mode relaxation time
approximation6), and then validate our results against the virtual
crystal approximations, by calculating the thermal conductivity of
the SiGe[001]1+1 superlattice using the true potential of a
periodic arrangement of Si and Ge pseudopotentials, rather than
5136
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Figure 5. Comparison of phonon dispersions along (0,0,ξ) in (a)
“average material” (b) SiGe[001]1+1 superlattice. Due to the energy
gap between acoustic and optical phonons in the superlattice, inelastic
channels involving scattering of TA mode by LA and LO modes become
forbidden.

Figure 4. Comparison of the transverse acoustic (TA) modes in Si28
(dashed-dotted line), Ge70 (dashed line), “average material” (open
circles), and SiGe[001]1+1 superlattice (solid line)—in terms of (a)
frequency, (b) group velocity, (c) population (at 300 K), (d) anharmonic relaxation times (at 300 K), and (e) thermal conductivity.

their average. At 300 K, we obtain a thermal conductivity for the
superlattice of about 159 W/(m K) (Figure 3), to be compared
with the virtual crystal approximation result of 147 W/(m K)
(Figure 1); i.e. the virtual crystal approximation leads to less than
a 10% error in the estimate of the thermal conductivity, and, if
anything, underestimates the eﬀect we are discussing (from
Figure 3 onward all data pertaining to the superlattice is
presented using the true periodic potential). Then we compare
the computed thermal conductivity of the SiGe[001]1+1 superlattice (using the true, periodic potential) with that of isotopically
pure Si28 and Ge70 (see Figure 3) and ﬁnd the conductivity of
SiGe[001]1+1 to exceed, above 150 K, that of both the constituent
materials (see Figure 3); in the range of temperatures between 300
and 900K the thermal conductivity of the superlattice is between
23% and 32% higher than the thermal conductivity of the highest
of the two components (isotopically pure Si28).
To shed more light, we compare the three systems in terms of
heat carrying ability (c2zλω2λnλ(nλ + 1)τλ) for the transverse
acoustic modes, since these are found to contribute the most
(62%) to the thermal conductivity of Si28. We also compare with a
hypothetical material, called “average material”, which has the

Figure 6. Scattering rate of TA modes at 300 K due to (a) absorption of an acoustic mode to yield another acoustic mode 1/τaTA (b) absorption of an acoustic mode to yield an optical mode 1/τbTA and (c) total
scattering rate 1/τTA along (0,0,ξ) in Si 28, “average material” and
SiGe[001]1+1 superlattice. In the superlattice scattering of TA
modes by optical phonons is completely absent, resulting in a
dramatic decrease in their scattering rates compared to Si 28 and
“average material”.

average potential as well as the average mass of Si28 and Ge70.
While the thermal conductivity of this average material lies as
expected in between that of Si and Ge (Figure 3), for the
superlattice two eﬀects are at play. The higher average mass
(≈50 amu) in the superlattice compared to Si28 (by about a factor
of 1.8) leads to lower phonon frequencies and group velocities
(Figure 4) with the product c2zλω2λ becoming almost 3 times lower.
However, this is more than compensated by the much longer
lifetimes in the superlattice (Figure 4d), causing the heat carrying
ability of the TA modes to be higher in the superlattice compared
to Si28 (Figure 4e). Similarly, while for these low frequency
transverse acoustic modes the phonon frequencies, group velocities and populations are practically the same in the superlattice
and the average material, much higher relaxation times in the
superlattice cause its thermal conductivity to be almost 2 times as
high as the average material at 300 K (Figure 3).
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To understand these high relaxation times, we point out that in
the “average material” TA modes (q,TA) can scatter by absorbing
an LA mode (q0 ,LA) yielding an optical mode (q00 ,LO), i.e., through
an acousticacousticoptical scattering channel (see Figure 5a,
these “coalescence processes” are the dominant scattering mechanism for low frequency TA modes). However, in the 1 + 1 superlattice, a large gap between the acoustic and optical phonons causes
the energy of an optical phonon to be often higher than the sum of
the energies of the two acoustic phonons, prohibiting such a
scattering channel (Figure 5b). The importance of scattering
channels involving optical modes in the scattering of TA modes
can be understood by noticing that along ΓX the total scattering
rate of a TA mode can be split into two main components (Figure 6)
which involve (a) absorbing an acoustic mode to yield another
acoustic mode (Figure 6a) and (b) absorbing an acoustic mode to
yield an optical mode (Figure 6b). In the average material, and in
Si28, the component (b) involving the optical mode is the largest
(Figure 6b). However, in the 1 + 1 superlattice, the large gap almost

Figure 7. Comparison of phonon dispersions along (ξ,ξ,0) in (a)
“average material” (b) SiGe[001]1+1 superlattice. Due to ﬂattening of
optical phonons in the superlattice, the scattering of certain TA modes
by two optical modes becomes infeasible.
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completely eliminates component (b) (Figure 6b) leading to a
dramatic decrease in the total scattering rates of TA modes
(Figure 6c) and corresponding increase in their relaxation times.
We further notice that in the average material, in addition to
acousticacousticoptical scattering channels discussed above,
transverse acoustic modes can also scatter through acoustic
opticaloptical channels. In Figure 7a we show one such scattering
channel where a transverse acoustic phonon mode (q,TA) scatters
by absorbing an optical phonon mode (q0 ,LO) and yielding another
optical phonon mode (q00 ,TO). Such a process satisﬁes both
momentum conservation q + q0 = q00 and energy conservation
ω(q,TA) + ω(q0 ,LO) = ω(q00 ,TO) or ω(q,TA) = Δω(optical) as
shown in Figure 7a. In the superlattice however, the ﬂattening of the
optical phonon bands decreases Δω(optical), causing it to become
lower than the ω(q,TA) thereby rendering such a scattering channel
infeasible (Figure 7b). Again, the importance of such channels in the
scattering of acoustic phonons can be realized by observing that
along ΓL the total scattering rate of a transverse acoustic phonon
mode can be split into three main components (see Figure 8) which
involve (a) absorbing an acoustic mode to yield another acoustic
mode, (b) absorbing an acoustic mode to yield an optical phonon
mode, and (c) absorbing an optical mode to yield another optical
mode. In the average material it is found that the three are almost
equal and that component (c) involving two optical phonons is as
important as component (b) which involves just one optical mode.
In the superlattice, however, both components (b) and (c) are
almost completely absent leading to a sharp decrease in the total
scattering rate.
The absence of acousticacousticoptical channels (component
b in Figure 6 and Figure 8) contributes much more signiﬁcantly
toward enhancing thermal conductivity in the superlattice compared to the absence of acousticopticaloptical channels
(component c in Figure 8). For example, at 300 K and in the
virtual crystal approximation, while the thermal conductivity of
the average material is 84 W/(m K) (Figure 3), that of the 1 + 1

Figure 8. Scattering rate of TA modes at 300 K due to (a) absorption of an acoustic mode to yield another acoustic mode 1/τaTA (b) absorption of an
acoustic mode to yield an optical mode 1/τbTA, (c) absorption of an optical mode to yield another optical mode 1/τcTA and (d) total scattering rate, 1/τTA
along (ξ,ξ,ξ) in Si28, “average material” and SiGe[001]1+1. In the superlattice both components (b) and (c) in the scattering of TA modes are almost
completely absent, resulting in a dramatic decrease in their scattering rates compared to Si28 and “average” material.
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Figure 10. Tuning the enhancement in thermal conductivity by controlling the mass-mismatch between constituent materials in the superlattice. The mass of one atom in the unit cell is ﬁxed to be that of Si28, i.e.,
m1 = mSi ≈ 28.0 amu and the mass of the second atom m2 is varied.
Thermal conductivity increases with increase in mass-mismatch beyond
m2/m1 ≈ 1.5.

Figure 9. Comparison of the longitudinal acoustic (LA) modes in Si28
(dashed-dotted line), Ge70 (dashed line), “average material” (open
circles), and SiGe[001]1+1 superlattice (solid line)—in terms of (a)
frequency, (b) group velocity, (c) population (at 300 K), (d) anharmonic relaxation times (at 300 K), and (e) thermal conductivity.

superlattice is 147 W/(m K) (Figure 1). Absence of only the
acousticacousticoptical channels in the superlattice yields a
thermal conductivity of 132 W/(m K), about 76% of the total
increase, and removal of the acousticopticaloptical channels
further increases the thermal conductivity from 132 to 147
W/(m K).
Until now we discussed the high thermal conductivity in 1 + 1
superlattice in terms of the increased heat conduction ability of
the transverse acoustic modes. A comparison of the same for the
longitudinal modes is presented in Figure 9. We ﬁnd that the
band gap unevenly aﬀects the LA mode lifetimes—increasing
them in some parts of the Brillouin zone while decreasing in
others (Figure 9e). This combined with the fact that at higher
frequencies the ﬂattening of the phonon dispersion in the
superlattice leads to reduced group velocity (Figure 9b) of the
LA modes causes the heat conduction ability of the LA modes to
not change appreciably compared with the average material. Thus
while the TA and LA modes conduct 50.5 and 27.5 W/(m K),
respectively, out of the total thermal conductivity of 84 W/(m K) in
the average material at 300 K, the corresponding values are 104.2
and 39.5 W/(m K), respectively, in the 1 + 1 superlattice (in the

virtual crystal approximation). Thus the dramatic increase in the
superlattice thermal conductivity occurs mainly due to a sharp
increase in the heat carrying ability of the TA modes.
At low temperatures, however, the higher energy optical
phonons involved in the scattering of acoustic modes become
less populated, diminishing components b and c in Si28 and the
“average material” (Figure 6b, Figure 8b, and Figure 8c) and
causing the relaxation times in these to approach those in the
superlattice; higher phonon frequencies and group velocities
then lead to the Si28 thermal conductivity becoming higher than
that of the superlattice (Figure 3) at T < 150 K.
The increase in thermal conductivity discussed above can be
varied by changing the mass-mismatch m2/m1 between the two
constituent materials in the superlattice (Figure 10). To show
this we ﬁx the mass of one constituent material to be that of Si28
(m1 = mSi ≈ 28.0 amu) and compute the thermal conductivity as
the mass of the second material (m2) is varied (Figure 10). For
m2/m1 = 2.5, SiGe[001]1+1 is realized; as the mass ratio is
increased beyond 2.5 the thermal conductivity increases further
due to an increase in the phonon relaxation times. While the
thermal conductivity of SiGe[001]1+1 exceeds that of Si28 by about
20% at 300 K, increasing the mass-mismatch to about m2/m1 = 3.2
further increases this enhancement to about 70%.
Comparison with experimentally measured values reveals that
the measured values for the thermal conductivity of SiGe superlattices are lower than predicted. For example, while in this work
the cross-plane thermal conductivity of a superlattice with a
period of 38 Å (28 atomic layers) was computed to be about
13 W/(m K) at 300 K, the value for a superlattice with a period of
about 44 Å was measured to be much lower, about 4 W/(m K).26
The main cause of this discrepancy lies in the neglect of the eﬀect
of interfacial disorder in computing the thermal conductivity. In
this work we treated the interfaces as perfect and computed the
thermal conductivity based on only the three-phonon anharmonic scattering processes. Interfacial disorder leads to additional
scattering of phonons. Chen27 studied this eﬀect and concluded
that the large thermal conductivity reduction in SiGe superlattices was due to interface scattering of phonons. More recently
Hepplestone and Srivastava28 described that superlattices contain two interface related scattering mechanisms namely due to
(a) mass-mixing at the interfaces and (b) interface dislocations.
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Table 1. Formation Energies in meV/atom with Respect to
Free-Standing End Components
Δε
SiGe[111]1+1  SiGe[001]1+1
SiGe[001]2+2

11.3
7.9

Table 2. Formation Energies in meV/atom for Growth on a
Substrate

thermal conductivity and would prevent the above eﬀect from
being observed experimentally in SiGe superlattices; the eﬀect,
however, has been observed in IIIV materials which essentially
mimic a group IV 1 + 1 superlattice but are much less prone to the
interfacial disorder. The above results provide guidelines to
design materials with desired high thermal conductivity, with
useful implications for the thermal management of electronics.
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Using Fermi’s golden rule, they derived the scattering rates due
to both these processes and used them to compute thermal
conductivity of SiGe superlattices and obtained excellent agreement with experiments at low temperatures where three-phonon
scattering is negligible.
Careful control of interfacial disorder in SiGe superlattices is
thus key to obtain high thermal conductivity; the phenomenology described here nonetheless extends to IIIV materials such
as InAs, GaSb, GaP, InP, and AlSb (which mimic a group IV 1 + 1
superlattice but without the interfacial disorder) where the
measured thermal conductivity was found to increase with an
increasing mass-mismatch,29 in agreement with the above calculated results. Furthermore it should be noted that superlattices
have been known to occur through spontaneous ordering of
alloys during growth. LeGoues, Kesan, and Iyer30 found that low
temperature growth by molecular beam epitaxy of Si1xGex on
Si(100) resulted in an ordered phase consisting of Ge and
Si(111) planes in an AABBAABB... sequence. We have calculated
the formation energies of short-period superlattices with respect
to free-standing end components and also with respect to growth
on a substrate of intermediate lattice parameter (according to
Vegard’s law for 50/50 composition). Realizing that for the 1 + 1
case the SiGe[111] and SiGe[001] superlattices are equivalent,
the formation energies are presented in Tables 1 and 2. It can be
seen that for growth on a substrate the formation energies are
much lower than for the free-standing case.
In addition Pearsall et al.31 grew a 16 period thick (46 Å)
sample of SiGe[001]1+1 superlattice on (001) Si substrate using
molecular beam epitaxy (MBE). Through a combination of low
growth temperature as well as a buﬀer layer of SixGe1x to
symmetrize the strain, other short period SiGe superlattices have
also been grown using MBE.3235
In conclusion we have presented an approach to compute the
thermal conductivity of silicongermanium superlattices in
which all ingredients—vibrational modes and anharmonic relaxation times are derived from ﬁrst-principles. Through an
accurate representation of the eﬀect of changes in phonon
dispersions with superlattice period on the phase space available
for scattering, we show that in the limit of small superlattice
period the energy gap between acoustic and optical phonons and
the ﬂattening of the optical phonon bands dramatically reduce
anharmonic scattering rates of the acoustic phonons and result in
the computed thermal conductivity exceeding even that of
isotopically pure silicon by about 20% at 300 K. Finally, increasing the mass-mismatch is found to further increase the thermal
conductivity. Presence of interfacial disorder would lead to lower
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